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This paper theoretically treats the weakly nonlinear propagation of diffracted sound beams in
nonuniform bubbly liquids. The spatial distribution of the number density of the bubbles, initially
in a quiescent state, is assumed to be a slowly varying function of the spatial coordinates; the am-
plitude of variation is assumed to be small compared to the mean number density. A previous der-
ivation method of nonlinear wave equations for plane progressive waves in uniform bubbly
liquids [Kanagawa, Yano, Watanabe, and Fujikawa (2010). J. Fluid Sci. Technol. 5(3), 351–369]
is extended to handle quasi-plane beams in weakly nonuniform bubbly liquids. The diffraction
effect is incorporated by adding a relation that scales the circular sound source diameter to the
wavelength into the original set of scaling relations composed of nondimensional physical pa-
rameters. A set of basic equations for bubbly flows is composed of the averaged equations of
mass and momentum, the Keller equation for bubble wall, and supplementary equations. As a
result, two types of evolution equations, a nonlinear Schr€odinger equation including dissipation,
diffraction, and nonuniform effects for high-frequency short-wavelength case, and a
Khokhlov–Zabolotskaya–Kuznetsov equation including dispersion and nonuniform effects for
low-frequency long-wavelength case, are derived from the basic set.
VC 2015 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4916371]
[LH] Pages: 2642–2654
I. INTRODUCTION
Liquids containing gas bubbles exhibit fairly complex
acoustic properties due to the complexity of gas–liquid two-
phase flow and a variety of wave properties (e.g.,
Nigmatulin, 1991; Nakoryakov et al., 1993; Yano et al.,
2013). Weakly nonlinear analysis (e.g., Nayfeh, 1973;
Jeffrey and Kawahara, 1982) is effective for evaluating the
phenomena observed in such liquids because nonlinear (i.e.,
finite amplitude) effects appear during long-range propaga-
tion processes and can significantly alter the wave behavior,
even for small wave amplitudes.
van Wijngaarden (1968) revealed that plane sinusoidal
waves evolve into acoustic solitons (solitary waves) because
of both the nonlinear effect and a dispersion effect induced
by bubble oscillations. The derivation of the Korteweg–de
Vries (KdV) equation predicted the formation of an acoustic
soliton in a bubbly liquid (van Wijngaarden, 1968), but a
later derivation of the KdV–Burgers (KdVB) equation (van
Wijngaarden, 1972) incorporating a dissipation effect con-
tradicted the existence of solitons because the dissipation
effect that appears and competes with the nonlinear and dis-
persion effects. Thus, the propagation properties of weakly
nonlinear waves in bubbly liquids depend on not only the
nonlinear effect but also other cooperative effects such as
the dispersion and dissipation. Although soliton formation
(van Wijngaarden, 1968) was an important discovery, it is
only one typical evolution of nonlinear waves in bubbly
liquids. Correct wave equations are thereby essential for a
sufficient understanding of the physics governing the wave
behavior. A number of theoretical studies have intensively
been performed (Kuznetsov et al., 1978; Commander and
Prosperetti, 1989; Nigmatulin, 1991; Gumerov, 1992;
Nakoryakov et al., 1993; Akhatov et al., 1996; Khismatullin
and Akhatov, 2001; Liang et al., 2008; Vanhille and
Campos-Pozuelo, 2009; Ando et al., 2011; Leroy et al.,
2011; Grandjean et al., 2012; Louisnard, 2012; Kudryashov
and Sinelshchikov, 2013, 2014, to name a few), and various
nonlinear wave equations describing weakly nonlinear phe-
nomena were submitted. The KdVB equation (e.g., van
Wijngaarden, 1968, 1972) and the nonlinear Schr€odinger
(NLS) equation (e.g., Gumerov, 1992; Akhatov et al., 1996)
are two well-known nonlinear equations for plane waves in
uniform bubbly liquids. On the other hand, the
Khokhlov–Zabolotskaya–Kuznetsov (KZK) equation
(Zabolotskaya and Khokhlov, 1969; Kuznetsov, 1971;
Hamilton, 1998) was derived to describe nonlinear sound
beams (i.e., quasi-plane waves) in compressible Newtonian
single-phase (not bubbly) flows. In real situation, however,
we often observe quasi-plane waves in liquids containing
nonuniformly distributing bubbles. For example, the medical
applications have intensively been developed: (i) diagnosis
utilizing nonuniformly distributed microbubbles as a contrast
agent in the focused ultrasound imaging, (ii) treatment by
the microbubble-enhanced focused ultrasound (e.g., Bailey
et al., 2003). Numerical predictions for these applications
are currently performed by using the nonlinear wave equa-
tion for single-phase (not two-phase) fluids. Therefore, gen-
eralized KZK and NLS equations (as derived here), which
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are based on the basic equations for gas–liquid two-phase
flows, and which incorporate the diffraction effect as quasi-
plane waves and the nonuniformity of the bubble distribu-
tion, will progress the predictions for various problems on
acoustics in bubbly liquids.
Kanagawa et al. (2010) (or Yano et al., 2013) proposed a
unified method to derive nonlinear wave equations for plane
wave propagation in uniform bubbly liquids. This method is
based on a set of scaling relations among the physical parame-
ters that are appropriate to a specific wave phenomenon, and
parameter scaling is the measurement of the nondimensional
magnitudes of physical quantities in terms of a typical nondi-
mensional amplitude of the wave under consideration. Some
examples of nondimensional magnitudes are expressed by the
following ratios: the ratio of a typical bubble radius R0 to a
typical wavelength L, that of a typical frequency of the wave
x to an eigenfrequency of the bubble xB, and that of the typ-
ical propagation speed of the wave U to the speed of sound
in a liquid cL0. In Fig. 1, the linear dispersion relation for
waves in bubbly liquids neglecting the dissipation and liquid
compressibility can be depicted conceptually (van
Wijngaarden, 1968, 1972). Then, Kanagawa et al. (2010)
clarified that the NLS equation including the dissipation effect
for envelopes of high-frequency short-wavelength carrier
wave and the KdVB equation for waves of low-frequency
long-wavelength (Fig. 1) can be derived by applying the fol-
lowing scaling relations:
U
cL0
;
x
xB
;
R0
L
 !
 O að Þ;O bð Þ;O cð Þ
 
; (1)
where  ð 1Þ is a typical nondimensional amplitude of the
pressure perturbation (or acoustic pressure) that appears in
the perturbation expansions of dependent variables. The real
numbers a, b, and c in the right-hand side of Eq. (1) should
be chosen appropriate to a wave concerned, for instance,
Kanagawa et al. (2010) chosen so as to derive the NLS and
KdVB equations, as follows:
a ¼ 2; b ¼ c ¼ 0 ðfor NLSÞ;
a ¼ b ¼ c ¼ 1=2 ðfor KdVBÞ:
(
(2)
The essence of Eq. (1) is to connect the wave amplitude with
nondimensional ratios to evaluate the relative size of a ratio
with respect to the nondimensional amplitude . To do so, by
using , the right-hand side of
U
cL0
;
x
xB
;
R0
L
 !
 O Að Þ;O Bð Þ;O Cð Þ
 
(3)
was rewritten into that of Eq. (1) [e.g., OðaÞ  OðAÞ],
where A, B, and C in the right-hand side of Eq. (3) are also
the real numbers. Because three ratios in the left-hand side
of Eq. (1) [or Eq. (3)] have clear physical meanings, our der-
ivation method can offer a wider perspective for understand-
ing complex nonlinear wave phenomena underlying bubbly
liquids. The detail of procedure based on Eqs. (1)–(3) is
explained in Sec. III.
The wave motions addressed in Kanagawa et al. (2010)
were restricted to plane waves, i.e., one-dimensional waves
in which the averaged physical quantities are functions of
the time and spatial coordinate in the direction of wave prop-
agation. Furthermore, the initial void fraction was assumed
to be constant, which implies that initial number density of
the bubbles in the liquid is spatially uniform. In this paper,
we extend our method to encompass a sound beam in a non-
uniform bubbly liquid without these restrictions. The method
is extended by the following two steps (Kanagawa et al.,
2011a; Yano et al., 2013):
(i) A scaling relation for the typical diameter of sound
beam to the typical wavelength is added into the original
set of scaling relations [Eq. (1)]. This scaling relation
gives the size of the diffraction effect relative to the non-
linear effect and corresponds to a second nondimen-
sional parameter with respect to the length scale.
(ii) The nondimensionalized initial number density of the bub-
bles is assumed to be nonuniform, and the nonuniformity
and its axially spatial variation are assumed to be as small
as the nondimensionalized wave amplitude .
Using the scaling relations and the weak nonuniformity
assumption, in the same manner as in Kanagawa et al. (2010),
we apply the method of multiple scales (e.g., Nayfeh, 1973;
Jeffrey and Kawahara, 1982) to a set of generic equations for
bubbly flows. From this, we can derive two types of nonlinear
wave equations: (i) the original NLS equation including dissi-
pation, diffraction, and nonuniform terms, (ii) the original
KZK equation (Zabolotskaya and Khokhlov, 1969;
Kuznetsov, 1971; Hamilton, 1998) including dispersion term
and nonuniform effect; hereafter we call the former the gener-
alized NLS equation and the latter the generalized KZK equa-
tion, for simplicity. Note that the generalized KZK equation is
similar to a generalized Kadomtsev–Petviashvili (KP) equa-
tion [i.e., the original KP equation (Kadomtsev and
Petviashvili, 1970; Whitham, 1974) including dissipation
term and nonuniform effect], and the original KZK and KP
equations correspond to the original Burgers and KdV equa-
tions including diffraction effect, respectively.
The derivation of the generalized NLS and KZK (or KP)
equations for sound beams, which incorporate weak diffraction
FIG. 1. Simple schematic of the linear dispersion relation of waves in an
incompressible liquid containing many gas bubbles without dissipation case
(van Wijngaarden, 1968, 1972). The dashed line denotes the non-dispersive
waves in the absence of bubbles (i.e., acoustic waves in a single-phase liq-
uid) and xB is the eigenfrequency of single bubble oscillations.
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and weak nonuniform effects, is the first such demonstration in
the context of bubbly flow theory based on two-fluid model.
Although the Davey–Stewartson equation (i.e., the two-
dimensional NLS equation) and the KP equation were derived
(Khismatullin and Akhatov, 2001; Akhatov and Khismatullin,
2001) for uniform bubbly liquids from the mixture model
(e.g., Nigmatulin, 1991), dissipation and nonuniform effects
were neglected and the two-fluid model was not utilized. As in
our previous derivation (Kanagawa et al., 2010, 2011a), we
employ the basic equations in the two-fluid model (Egashira
et al., 2004; Yano et al., 2006); the broad applicability of this
model to wave propagation analysis was revealed by
Kanagawa et al. (2011b). To demonstrate the wider applicabil-
ity of our method, this paper tackles the derivation of two non-
linear wave equations.
This paper is organized as follows: In Sec. II, we formu-
late the problem. In Sec. III, we introduce the diffraction and
nonuniform effects. In Sec. IV, we derive the generalized
NLS equation. In Sec. V, we review the derivation of the
generalized KZK equation [the detailed procedure is found
in Kanagawa et al. (2011a)]. In Sec. VI, we summarize the
nonlinear wave equations derived.
II. FORMULATION OF THE PROBLEM
A. Problem statement
The problem of nonlinear propagation of a quasi-plane
(i.e., weakly diffracted) dispersive pressure wave (i.e., a
sound beam) in a compressible liquid containing a large
number of small spherical gas bubbles is considered. The
sound beam is radiated from a circular sound source of diam-
eter D in the bubbly liquid initially at rest, and the initial
distribution of the number density of the bubbles is nonuni-
form (the superscript asterisk denotes dimensional quantities
throughout this paper). The center of the sound source
defines the origin, and the central x axis is adopted as the
surface normal (Fig. 2). The amplitude of the sound beam is
sufficiently small relative to the pressure in the ambient bub-
bly liquid. Our aim is to derive nonlinear wave equations
governing the asymptotic behavior of the wave motions with
respect to small but finite amplitude [i.e., the so-called
weakly nonlinear problem (e.g., Nayfeh, 1973; Jeffrey and
Kawahara, 1982)].
The wave motion is extended in two ways (see also
Kanagawa et al., 2011a) from the plane wave problem con-
sidered by Kanagawa et al. (2010). The first extension is
based on the condition that the typical wavelength L is suffi-
ciently small relative to D,
L  D: (4)
As demonstrated below, this condition yields a sound beam
with weak diffraction (either weak focusing or weak diffus-
ing). The second extension is the inclusion of a nonuniform
spatial distribution of the initial number density of the bub-
bles, n0ðx; rÞ. We assume that the nonuniformity is weak
in the sense that n0n00  1
 1; (5)
where n00 is the spatial average of n

0, and is constant.
The averaged physical quantities, defined in the bubbly
liquid using the volume or surface averages (Egashira et al.,
2004), are assumed to be symmetric about the x axis.
Accordingly, all the averaged physical quantities are func-
tions of the time, t, the distance from the sound source, x,
and the distance from the x axis, r, where
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y2 þ z2
p
: (6)
B. Assumptions
To this end, we make the following assumptions: (i) The
motion of a bubble is spherically symmetric. (ii) Bubbles do
not appear or disappear, coalesce, and break up. (iii) The bub-
bly liquid is dilute such that no direct bubble–bubble interac-
tions occur, where the method of averaged equations is
effective. (iv) The flow field is quasi-irrotational, i.e., the near
field is irrotational and the far field is rotational. This is justified
because the wave motions considered here are quasi-planar. (v)
The liquid has a small compressibility. (vi) The small viscosity
of the liquid is important at only the bubble wall and the viscos-
ity of the gas is neglected. (vii) The gas inside the bubbles is
composed of only a non-condensable gas, and hence no phase
change occurs across the bubble–liquid interface.
Furthermore, we also neglect the following items: (viii)
bulk viscosities of the gas and liquid, (ix) thermal conductiv-
ities of the gas and liquid, and (x) forces of gravity,
Reynolds stress, and other forces (e.g., drag, lift, etc.)
exerted on the bubbles, apart from the virtual mass force.
For (ix), although wave attenuation is caused by three
effects, the liquid viscosity, liquid compressibility, and ther-
mal conductivity (van Wijngaarden, 1972), we neglect the
thermal effects for simplicity. We note, however, that ther-
mal processes inside the bubbles with heat exchanged at the
bubble–liquid interface are known to induce significant
wave attenuation in bubbly liquids (e.g., Nigmatulin, 1991;
Prosperetti, 1991; Watanabe and Prosperetti, 1994). For (x),
forces exerted on the bubbles are generally significant (e.g.,
FIG. 2. Schematic of the model: nonlinear propagation of the diffractive
sound beam radiated from the circular sound source in nonuniform bubbly
liquids. The white arrow shows the propagating direction.
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Drew, 1983) and should ideally not be ignored, but because
the propagation of acoustic waves in an almost quiescent
bubbly liquid causes small amplitude oscillations of the fluid
particles, small bubbles move together with the surrounding
liquid. Hence, only the virtual mass force is taken into
account as a representative force because it has a strongly
influence on both unsteady fluid flow and the bubbles (see
also Yano et al., 2013).
C. Basic equations
As shown by Kanagawa et al. (2011b), the derivation
method (Kanagawa et al., 2010) can be applied to both the
mixture model and two-fluid model equations. Here, we
employ basic equations in a two-fluid model (Egashira et al.,
2004) because the use of two-fluid model gives the expres-
sion of various parameter dependences into coefficients of
nonlinear wave equation (Kanagawa et al., 2011b) and the
derivation of NLS and KZK equations from two-fluid model
has not been performed.
The set of averaged equations for bubbly flows (Yano
et al., 2006) consists of the conservation laws of mass and
momentum for the gas and liquid phases based on the two-
fluid model (Egashira et al., 2004), equation of motion for
the bubble wall, equations of state for the gas and liquid
phases, and supplementary equations. For axisymmetric
flows (quasi-plane waves), the conservation laws of mass
and momentum for the gas and liquid phases are given by
@
@t
aqG
 þ $  aqGuG  ¼ 0; (7)
@
@t
1 að ÞqL
 þ $  1 að ÞqLuL  ¼ 0; (8)
@
@t
aqGu

G
 þ $  aqGuG  uG þ a$pG ¼ F; (9)
@
@t
1 að ÞqLuL
 þ $  1 að ÞqLuL  uL 
þ 1 að Þ$pL þ P$a ¼ F; (10)
where a is the void fraction ð0 < a < 1Þ, q is the density,
u ¼ ðu; vÞ is the fluid velocity (with u and v being the
components in the x and r directions, respectively), and p
is the pressure, the subscripts G and L denote the volume-
averaged variables in the gas and liquid phases, respectively,
and the symbol  denotes the tensor product. Note that pG
and pL are the volume-averaged pressures in gas and liquid
phases, respectively, and P is defined as the deviation of a
surface average of the local liquid pressure from the volume-
averaged liquid pressure pL (Egashira et al., 2004), which is
based on the formulation by Prosperetti and Jones (1984).
Hence, the pressure acting on the interface is pL þ P (not
only P).
For the interfacial momentum transport F in Eqs. (9)
and (10), we employ the following model, taken from an
analysis of a compressible liquid (Zhang and Prosperetti,
1994; Eames and Hunt, 2004), for the virtual mass force
(Yano et al., 2006):
F ¼ b1aqL
DGu

G
Dt
 DLu

L
Dt
 	
b2qL uG  uL
 DGa
Dt
 b3a uG  uL
 DGqL
Dt
;
(11)
where the coefficients b1, b2, and b3 may be set to 1/2 for a
spherical bubble. We proceed without explicitly showing
these values to ensure that the contribution of each term on
the right-hand side of Eq. (11) is visible in the final result; b3
does not appear in the final results for any of the problems
studied by our group (Yano et al., 2006; Kanagawa et al.,
2010, 2011a; Yano et al., 2013) including the present
analysis.
The spherically symmetric oscillations of a representa-
tive bubble are described by the Keller equation:
1 1
cL0
DGR

Dt
 	
R
D2GR

Dt2
þ 3
2
1 1
3cL0
DGR

Dt
 	
DGR

Dt
 	2
¼ 1þ 1
cL0
DGR

Dt
 	
P
qL0
þ R

qL0c

L0
DG
Dt
pL þ P
 
;
(12)
where R is the radius of the representative bubble, cL0 and
qL0 are the speed of sound and the density in the initial
unperturbed liquid, respectively, and the operators DG=Dt

and DL=Dt
 are defined as
DG
Dt
 @
@t
þ uG  $;
DL
Dt
 @
@t
þ uL  $:
The symbols in the original Keller equation (Keller and
Kolodner, 1956) are replaced as follows: the liquid pres-
sure at infinity is replaced by the averaged pressure pL, the
liquid pressure at the bubble–liquid interface by pL þ P,
and the density and the speed of sound of the liquid at in-
finity by those in the initially equilibrium state. As is clear
from the right-hand side in the first term of Eq. (12), P
corresponds to a driving force. Hence, the term Pra in
Eq. (10) expresses an interaction between the bubble oscil-
lations driven by P and bubble concentrations described
by ra. The second term on the right-hand side of Eq. (12)
describes the damping effect on the bubble oscillations and
is mainly responsible for wave attenuation due to acoustic
radiation from oscillating bubbles. The first term on the
right-hand side also results in wave attenuation due to the
liquid viscosity l through Eq. (16) below.
In accordance with the assumptions in Sec. II B, since
the energy conservation equations are not solved, the equa-
tions of state are then employed as supplementary equa-
tions. Note that even if thermal effects are taken into
account, this will not change the essential points of our
derivation methodology. The set of Eqs. (7)–(12) is closed
by the following four equations: (i) the Tait equation of
state for liquids,
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pL ¼ pL0 þ
qL0c

L0
2
n
qL
qL0
 	n
 1
" #
; (13)
where pL0 is the liquid pressure in the initial undisturbed
state and n is the material constant (e.g., n¼ 7.15 for water).
(ii) The polytropic equation of state for gases,
pG
pG0
¼ q

G
qG0
 	c
; (14)
where pG0 and q

G0 are the pressure and the density inside the
bubble in the initial state, respectively, and c is the poly-
tropic exponent. (iii) The conservation law of mass inside
the bubble,
pG
pG0
¼ R

0
R
 	3
; (15)
where R0 is the bubble radius in the initial state. (iv) The
balance of normal stresses across the bubble–liquid
interface,
pG  pL þ P
  ¼ 2r
R
þ 4l

R
DGR

Dt
; (16)
where r is the surface tension. The effect of the liquid
viscosity l is considered only at the bubble–liquid inter-
face, as noted in Sec. II B (vi). The physical quantities in
the initial undisturbed state, which are signified by the
subscript 0, are all constants, except for n0 in Eq. (5) [or
Eq. (40)].
III. INCORPORATION OF DIFFRACTION AND
NONUNIFORMITY
A. Parameter scaling
As shown in Eqs. (1)–(3) in Sec. I, we here introduce
the scaling relations among the physical parameters and
explain the procedure to determine the parameter scaling
(Kanagawa et al., 2010; Yano et al., 2013) for the derivation
of generalized NLS and KZK equations.
The first target is a high-frequency, large-wavenum-
ber, weakly nonlinear wave in a bubbly liquid. The ba-
sic properties of this wave are determined by the linear
dispersion relation. As shown in Fig. 1, the difference
between the dashed line (the nondispersive wave) and
the solid curve is an increasing function of the wave-
number. Hence, waves with large wavenumber are iden-
tified as being strongly dispersive, i.e., a typical
propagation speed of wave, U, is much smaller than
the speed of sound in the absence of bubbles, cL0. The
physical relation between U and cL0 is thus U
/
cL0  1; the right-hand side should be expressed by
using a parameter that estimates the order of U/cL0.
We then introduce the nondimensional parameter (per-
turbation),  ð 1Þ, which is also introduced into varia-
bles in Secs. III C and III D. We rewrite the inequality
above as
U
cL0
 O Að Þ  O að Þ  O 2ð Þ  V2; (17a)
where A and a determine the order [see also Eqs. (1)–(3)
in Sec. I], and V is a constant of O(1). The procedure of
order determination in Eq. (17a) is as follows: (i) The de-
pendence of A on the nonlinearity  is assumed to evalu-
ate the relative size of U/cL0 to . (ii) The real number
a is then introduced for an order estimation. (iii) For
example, in the derivation of the generalized NLS equa-
tion, the choice of a¼ 2 is the uniqueness (another choice
derives another nonlinear wave equation); in other words,
this is an inverse calculation.
We are focusing on the generalized NLS equation
because it describes a simple balance as the linear combina-
tion of the dissipation, dispersion, diffraction, nonlinearity,
and nonuniformity, such as the Burgers or KdV equations
for single-phase fluids. Generally speaking, the set of nondi-
mensional ratios in the left-hand side of Eq. (1) should be
treated dependently on various parameters. Nevertheless, the
perturbation analysis with respect to the nondimensional am-
plitude  yields the systematic derivation of various weakly
nonlinear waves in the  dependence, as useful information
laying in the complex set of basic equations (7)–(10).
Therefore, we assume that all the nondimensional ratios
[including Eqs. (17b), (17c), etc.] depend on , and this treat-
ment is our essence.
By using the same procedure in Eq. (17a) with Fig. 1
because a typical angular frequency of the sound source
(wave frequency), x, is assumed to be comparable to the
eigenfrequency of the bubble, xB, and the wavelength, L
, is
comparable to the typical radius of a representative bubble,
R0, we can write down
x
xB
 Tx  O 1ð Þ  X; (17b)
R0
L
 O 1ð Þ  D; (17c)
where X and D are also constants of Oð1Þ; X is the normal-
ized angular frequency. The validity of Eq. (17) is discussed
in the context of the derivation of the NLS equation (Sec.
IV).
As the second target, for a low-frequency small-wave-
number wave, U is small compared to cL0 (Fig. 1). We
define such a wave as
U
cL0
 O ﬃﬃp   V ﬃﬃp : (18a)
Furthermore, x and R0 are assumed to be small compared
to xB and L
, respectively, which can be expressed as
follows:
x
xB
 1
TxB
 O ﬃﬃp   X ﬃﬃp ; (18b)
R0
L
 O ﬃﬃp   D ﬃﬃp : (18c)
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In Eqs. (17) and (18), L ¼ UT is assumed and the charac-
teristic times T in Eqs. (17b) and (18b) are expressed as
T  1=x

B ðfor NLSÞ;
1=x ðfor KZKÞ:
(
(19)
The two scaling relations in Eqs. (17) and (18) are combined
into a set of nondimensional parameters:
U
cL0
;
x
xB
;
R0
L
 	
 ðO 
2ð Þ;O 1ð Þ;O 1ð ÞÞ ðfor NLSÞ;
ðO ﬃﬃp ;O ﬃﬃp ;O ﬃﬃp Þ ðfor KZKÞ:
(
(20)
Incidentally, the common method for averaged equa-
tions (7)–(10) is usually prohibited for the short waves, i.e.,
R0 ’ L in Eq. (17c); however, the quasi-plane wave
assumption can be applied because the average volume is
sufficiently large along the plane parallel to the quasi-plane
wavefronts. Nevertheless, it is worth noting that the assump-
tion of spherically symmetric bubble oscillations (Egashira
et al., 2004) must be validated.
The eigenfrequency of the linear spherically symmetric
oscillations of a single bubble is given by
xB
2p
 1
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3c pL0 þ 2r=R0
  2r=R0
qL0R
2
0
s
: (21)
Note that the effects of liquid viscosity and liquid compressi-
bility are not included in Eq. (21).
The magnitude of the normalized liquid viscosity is also
assumed to be small compared to unity, so that the dissipa-
tion effect caused by the liquid viscosity competes with the
dissipation effect caused by the liquid compressibility and
with the nonlinear, dispersion, diffraction, and nonuniform
effects, which is a result of the long-range propagation of the
sound beams. The normalized liquid viscosity l is thus
defined as
l
qL0UL
 O 
2ð Þ  l2 ðfor NLSÞ;
O ð Þ  l ðfor KZKÞ:
(
(22)
The ratio of the initial densities of the gas and liquid phases
is also assumed to be small,
qG0
qL0
 O 3ð Þ for NLS and KZKð Þ; (23)
and hence, the density ratio does not affect the final result of
the present analysis.
B. Diffraction effect
We define the large aperture condition in Eq. (4),
L  D, as a function of ,
L
D
 O ð Þ  C ðfor NLSÞ;
O
ﬃﬃ

p   C ﬃﬃp ðfor KZKÞ;
(
(24)
where C is a constant of Oð1Þ and represents the effect of
weak diffraction to the r direction. The magnitude of L=D
characterizes the pattern of the sound beams (e.g., Zemanek,
1971; Blackstock, 2000). The scaling L=D  1 ensures
that the sound beam is approximately unidirectional and
localized in the vicinity of the x axis. Thus, the wavefronts
are quasi-planar (Hamilton, 1998).
Equations (24) [or (4)], (17c), and (18c) summarize the
relation among the three length scales as
R0 ’ L  D ðfor NLSÞ;
R0  L  D ðfor KZKÞ:
(
(25)
C. Multiple-scale expansions
The nondimensional independent variables t, x, and r
are defined as
t ¼ t

T
; x ¼ x

L
; r ¼ r

L
: (26)
For weakly nonlinear problems, the nonlinear effect
manifests itself in the far field (i.e., x  L; the near field is
defined as the region close to the sound source). As the prob-
lem involves different time and length scales, the method of
multiple scales (e.g., Nayfeh, 1973; Jeffrey and Kawahara,
1982) is generally effective for such problems. In this
method, various phenomena are described via extended
independent-variables. Because the diffraction effect does
not appear up to the far field, the spatial variation of the
beam in the r direction is small compared to that in the x
direction. The extended independent-variables are
tm ¼ mt; xm ¼ mx ðm ¼ 0; 1; 2Þ; r1 ¼ Cr ðfor NLSÞ;
tm ¼ mt; xm ¼ mx ðm ¼ 0; 1Þ; r1=2 ¼
ﬃﬃ

p
Cr ðfor KZKÞ:
(
(27)
For the near field characterized by t0ð¼ tÞ and x0ð¼ xÞ for the generalized NLS and KZK equations, and the far field character-
ized by t1ð¼ tÞ and x1ð¼ xÞ for the generalized NLS equation (hereafter referred to as Far-field I for only the NLS case), the
wavefront of the sound beam is approximately planar (Hamilton, 1998). Because of this, we can ignore the spatial variations
in the r direction of the dependent variables and employ the independent-variables defined by only t and x,
near field by ðt0; x0Þ and Far-Field I by ðt1; x1Þ ðfor NLSÞ;
near field by ðt0; x0Þ ðfor KZKÞ:
(
(28)
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On the other hand, if the far field is characterized by spherical
wavefronts (hereafter referred to as Far-field II for only the
NLS case), the radial dependence of the dependent variables
should be taken into account (Hamilton, 1998), and hence, the
description of the wave motion will be a function of both x
and r. The nonlinear and diffraction effects of the sound beam
that appear in both far fields can be characterized by
Far-field II by ðt2; x2; r1Þ ðfor NLSÞ;
far field by ðt1; x1; r1=2Þ ðfor KZKÞ:
(
(29)
The fast scales ðx1; r1=2Þ and ðx2; r1Þ imply that spatial var-
iations in the r axis are slower than those in the x axis. The
definitions of r1 and r1=2 in Eq. (27) are consistent with the
scaling relation in Eq. (24):
r ¼ D

L
r
D
¼
r1
C
r1  r

D
 	
ðfor NLSÞ;
r1=2ﬃﬃ

p
C
r1=2  r

D
 	
ðfor KZKÞ:
8>><
>>:
(30)
All the dependent variables can now be regarded as
functions of the extended independent-variables in Eqs. (28)
and (29). The differential operators are thus expanded as
@
@t
¼
@
@t0
þ  @
@t1
þ 2 @
@t2
ðfor NLSÞ;
@
@t0
þ  @
@t1
ðfor KZKÞ;
8>><
>>:
(31a)
@
@x
¼
@
@x0
þ  @
@x1
þ 2 @
@x2
ðfor NLSÞ;
@
@x0
þ  @
@x1
ðfor KZKÞ;
8>><
>>:
(31b)
@
@r
¼
C
@
@r1
ðfor NLSÞ;
ﬃﬃ

p
C
@
@r1=2
ðfor KZKÞ:
8>><
>>:
(31c)
The dependent variables are also expanded as a power series
in  ð 1Þ. The expansions of the fluid velocities are
uG=U
 ¼ uG1 þ 2uG2 þ    ; (32)
uL=U
 ¼ uL1 þ 2uL2 þ    ; (33)
vG=U
 ¼ 
2vG1 þ 3vG2 þ    ðfor NLSÞ;
3=2vG1 þ 5=2vG2 þ    ðfor KZKÞ;
(
(34)
vL=U
 ¼ 
2vL1 þ 3vL2 þ    ðfor NLSÞ;
3=2vL1 þ 5=2vL2 þ    ðfor KZKÞ:
(
(35)
Other dependent variables, the bubble radius R, liquid den-
sity qL, and liquid pressure p

L, are expanded as in Kanagawa
et al. (2010):
R=R0  1 ¼ R1 þ 2R2 þ    ; (36)
qL=q

L0  1¼
5qL1 þ 6qL2 þ    ðfor NLSÞ;
2qL1 þ 3qL2 þ    ðfor KZKÞ;
(
(37)
pL  pL0
qL0U2
¼ pL1 þ 2pL2 þ    ; (38a)
pLi ¼ qLi=V2 ði ¼ 1; 2; 3; 4; 5Þ; pL5 ¼ qL6=V2 þ ðn 1Þq2L1=ð2V2Þ;… ðfor NLSÞ;
pLi ¼ qLi=V2 ði ¼ 1; 2Þ; pL3 ¼ qL3=V2 þ ðn 1Þq2L1=ð2V2Þ;… ðfor KZKÞ:
(
(38b)
In this way, the perturbations of the dependent variables
(including the void fraction a) take the form of asymptotic
expansions with the first term being of the order of . It is
worth noting that the following exceptions:
(i) The magnitude of the variations in the radial (r direc-
tional) velocities, vG and v

L, are smaller than those in
the axial (x directional) velocities, uG and u

L [Eqs.
(34) and (35)]. The first terms of the expansions of
radial velocities begin with Oð2Þ and Oð3=2Þ in the
derivation of the generalized NLS and KZK equa-
tions, respectively, because of the definition of r1 and
r1=2 in Eq. (27). We emphasize that these expansions
based on parameter scaling are unique choices so as
to derive the generalized NLS and KZK equations
that describe one of the most simple balances of
various wave properties.
(ii) The first terms of the expansion of the liquid density
qL [Eq. (37)] are higher-order terms, because the prop-
agation speeds of two sound beams considered are
smaller than the speed of sound in the absence of bub-
bles. Detailed explanation of the treatment of the vari-
ation of qL [i.e., the size of the liquid compressibility
described by U/cL0 in Eqs. (17a) and (18a)] was
given by Kanagawa et al. (2010).
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D. Nonuniform bubble number density
The expansion of the bubble number density is equiva-
lent to that of the void fraction that is expanded in the form
a=a01¼ a1þ
2½a2þdðx2Þ	þ3a3þ ðfor NLSÞ;
½a1þdðx1Þ	þ2a2þ3a3þ ðfor KZKÞ;


(39)
where d denotes the nonuniformity of the initial-state bubble
distribution. In the derivation of the generalized NLS and
KZK equations, because the sound beam spreads out only up
to a range of Oð1=Þ and Oð1= ﬃﬃp Þ in the r direction, d is
regarded as a function of x2 and x1, respectively. The initial
void fraction a0 is of the order of unity and is constant. As
the bubble oscillations are assumed to be spherically sym-
metric and strong interactions among the bubbles are
ignored, this requires that the condition a0  1 is satisfied.
However, we can define a0 ¼ Oð1Þ because we are perform-
ing an asymptotic analysis for   1 [Eqs. (32)–(39)].
Hence, the present analysis can also be applied to a moder-
ately large a0.
The initial nonuniformities of the void fractions, dðx1Þ
and dðx2Þ, are related to the number density of the bubbles,
n, by the following relation, as in Eq. (5):
n0 x2ð Þ
n00
 1 ¼ 2d x2ð Þ  1 ðfor NLSÞ;
n0 x1ð Þ
n00
 1 ¼ d x1ð Þ  1 ðfor KZKÞ;
8>><
>>:
(40)
through the definition of the void fraction
a  4p
3
R3n: (41)
Before proceeding with the derivation of the generalized
NLS and KZK equations, note that the same symbols (e.g.,
U, d, etc.) are sometimes employed in both cases without
re-definition.
IV. GENERALIZED NLS EQUATION
In this section, we consider the propagation of short-
wavelength high-frequency sound beams, and derive the
generalized NLS equation as a far field equation in which
the diffraction and nonuniform effects compete with the non-
linear effect caused by long-range propagation.
A. Linear propagation of envelope
We substitute the expansions [Eqs. (31)–(39)] and the
scaling relation [Eqs. (17) and (24)] for the generalized NLS
equation into the basic set [Eqs. (7)–(16)] and equate the
coefficients of like powers of  to obtain a set of first-order
linear equations [as was shown explicitly in Eqs. (60)–(64)
in Sec. 4.1 of Kanagawa et al. (2010)]. By eliminating the
first-order perturbations except for the bubble radius R1 from
the linear set, we obtain a single linear wave equation for R1
including a dispersion term:
L1 R1½ 	 ¼ @
2R1
@t20
 D
2
3a0
þ 1 a0 þ b1ð ÞcpG0
b1 1 a0ð Þ
" #

 @
2R1
@x20
 D
2
3a0
@4R1
@x20@t
2
0
¼ 0: (42)
A single inhomogeneous equation for R2 is established as
the counterpart of Eq. (42) using the same procedure after
deriving the counterparts in Oð2Þ as
L1 R2½ 	 ¼WA2e2ihþ i @D
@X
 	
@A
@t1
þ vg @A
@x1
 	
eihþ c:c:;
(43)
where D(k, X)¼ 0 is the linear dispersion relation that gives
the group velocity vg [see Eqs. (70) and (73) in Sec. 4.1 of
Kanagawa et al. (2010)], and the nonlinear coefficient W is a
real constant [see Eqs. (A.3) and (A.4) in Appendix 2 of
Kanagawa et al. (2010)] where C is used in place of W in
this paper. Note that i denotes the imaginary unit, c.c. the
complex conjugate, and A and h appear in Eq. (44) below.
For the first-order equation (42), owing to the dispersion
effect in the third term on the right-hand side, if an initial
wave is a superposition of different harmonic components,
the wave profile is separated to distinct components with
their own propagation speeds. We thus assumed the solution
of Eq. (42) takes the form of a quasi-monochromatic wave
train that evolves into a slowly modulated wave packet (e.g.,
Jeffrey and Kawahara, 1982):
R1 ¼ Aðt1; t2; x1; x2; r1Þ eih þ c:c:; (44a)
h ¼ kx0  XðkÞt0; (44b)
where A is a slowly varying complex amplitude depending
on only slow scales. The normalized frequency is X, and
normalized wavenumber is k  kL ¼ kU=xB with k
being the wavenumber. Here, eih and A correspond to the
high-frequency carrier wave and envelope wave, respec-
tively (e.g., Jeffrey and Kawahara, 1982). Equation (44b)
implies that we only focus on the right-running carrier wave.
Equation (44) also indicates that the linear solution (linear
approximation) leads to a frequency dependent function. The
derivative of the group velocity vg with respect to k, which
describes the dispersion effect, is
q  dvg
dk
¼ d
2X
dk2
¼  9a0D
2X
3a0 þ D2k2
 2  0: (45)
The typical propagation speed U in Eq. (17a) is
determined so that the normalized phase velocity vp  X=k
is equal to unity when X ¼ 1 (i.e., k ¼ 1). This is satisfied
by choosing
U 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 a0 þ b1ð Þc pL0 þ 2r=R0
 
b1 1 a0ð ÞqL0
s
; (46)
which simultaneously determines L  UT through
T ¼ 1=xB.
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For the second-order equation (43), from the solvability
condition that is equivalent to the non-secular condition of
the asymptotic expansions in Eqs. (32)–(39), the coefficient
of eih on the right-hand side vanishes (e.g., Jeffrey and
Kawahara, 1982), resulting in
@A
@t1
þ vg @A
@x1
¼ 0: (47)
The complex amplitude A is constant in the near field char-
acterized by t0 and x0, but in Far-field I by t1 and x1, it is
only constant along the characteristic curve dx1=dt1 ¼ vg.
This implies that the wave train is slowly varying. The varia-
tions in the radial direction do not appear at this stage, and
the nonlinear, dissipation, and diffraction effects of A and
the nonuniform effect of the bubble distribution appear in
Far-field II characterized by t2, x2, and r1.
B. Radial velocity and variation
We examine the radial variations in the fluid velocities
that produce a diffraction effect.
The conservation equations of the momentum in the r
direction for the gas and liquid phases from the approxima-
tion of Oð2Þ are
b1
@vG1
@t0
 b1
@vL1
@t0
¼ 3CcpG0 @R1
@r1
; (48a)
1 a0 þ b1a0ð Þ
@vL1
@t0
 b1a0
@vG1
@t0
¼ C 1 a0ð Þ @pL1
@r1
;
(48b)
which involve time derivatives of vG1 and vL1, and spatial
derivatives with respect to r1. That is, in the approximations
of Oð2Þ, the first-order variations of the fluid velocities in
the r direction and variations to the r direction appear. A
modification of Eq. (48) provides
@vG1
@t0
¼ CD1 @R1
@r1
;
@vL1
@t0
¼ CD2 @R1
@r1
; (49)
with
D1 ¼ 3cpG0 1 a0 þ b1a0ð Þb1 1 a0ð Þ
 D2 X2  1ð Þ; (50a)
D2 ¼ 3a0cpG0
1 a0  D
2 X2  1ð Þ; (50b)
which defines vG1 and vL1 as functions of t0, x0, and r1.
Accordingly, Eq. (49) governs the wave motion on a time
scale of T, a length scale of L in the axial direction, and a
length scale of D in the radial direction.
C. Nonlinear propagation of diffracted envelope with
nonuniformity
Diffraction and nonuniform effects appear in Far-field
II, which is of a significant distance from Far-field I, and the
generalized NLS equation derived here for the nonlinear
modulation of sound beam envelopes in high-frequency car-
rier waves will reflect the competition among the weak dissi-
pation, weak diffraction, weak nonuniform, and strong
dispersion effects.
From the approximation of Oð3Þ, the single equation
for R3 is firstly obtained:
L1 R3½ 	 ¼ ~N x0; x1; x2; t0; t1; t2; r1ð Þ
¼  1
3
@ ~N1
@t0
þ 1
3a0
@ ~N2
@t0
þ 1 a0 þ b1
3b1 1 a0ð Þ
@ ~N3
@x0
þ 1
3a0 1 a0ð Þ
@ ~N4
@x0
 D
2
3a0
@2 ~N5
@x20
; (51)
where ~Niði ¼ 1; 2; 3; 4; 5Þ are the inhomogeneous terms
which are composed of the first- and second-order perturba-
tions derived in the calculations of OðÞ and Oð2Þ; the
explicit forms are shown in the Appendix. Secondly, the
conservation equations of the momentum in the r direction
for the gas and liquid phases of Oð3Þ reduce to
b1
@vG2
@t0
 b1
@vL2
@t0
¼ S1; (52a)
1 a0 þ b1a0ð Þ
@vL2
@t0
 b1a0
@vG2
@t0
¼ S2; (52b)
where the explicit forms of S1 and S2 are also given in
Appendix. The modification of the inhomogeneous term in
Eq. (51) yields
L1½R3	 ¼ ~K1e3ih þ ~K2e2ih þ ~K3eih þ c:c:; (53)
where ~Ki ði ¼ 1; 2; 3Þ are the complex variables composed of A
and its derivatives. Since the explicit forms of ~K1 and ~K2, and those
of vG2 and vL2 calculated from Eq. (52), are not essential for the
following discussion, they are omitted here for conciseness.
Imposing the non-secular condition on Eq. (51), i.e.,
~K3 ¼ 0, gives
i
@A
@t2
þ vg @A
@x2
 	
þ q
2
@2A
@x21
þ 1jAj2A
þ i2 þ d4ð ÞAþ C
2vg
2k
1
r1
@
@r1
r1
@A
@r1
 	
¼ 0; (54)
where the nonlinear coefficient 1ð 0Þ (real) is shown in
Eq. (A.5) in Appendix 2 of Kanagawa et al. (2010). The dis-
sipation coefficient 2 (real) is given as
2 kð Þ ¼ 4lþ D
3V
 
k2
2 3a0 þ D2k2
  0; (55)
and the dispersion coefficient q=2ð 0Þ (real) was given in
Eq. (45).
The size of the bubble nonuniformity is governed by the
real constant 4 (nonuniform coefficient) given by
4 ¼
b1 þ 1 a0ð Þ2
h i
D2k2 1 X2ð Þ  3b1a20X2
2 1 a0ð Þ 1 a0 þ b1ð Þ D2k2 þ 3a0
 
X
: (56)
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Figure 3 depicts the dependence of 4 on the wavenumber k
for the initial bubble radius of R0 ¼ 1 mm and initial void
fractions of a0 ¼ 101, 102, and 103. Clearly, 4 is de-
pendent on the initial void fraction. By decomposing D as
D ¼ R

0
L
¼ R

0x

B
U
; (57)
we can confirm that 4 is negligibly dependent on the
initial bubble radius R0 [see Eq. (21)]. Here, 4 is posi-
tive for X 1, negative for X 1, and equal to zero for
X < 1 for an air–water system under the ambient condi-
tions given in the caption of Fig. 3. For the case of
X ¼ 1, we have 4  0, which is a slightly negative
value. As can be seen from the dispersion relation in
Fig. 1, however, the condition X 1 (i.e., x xB
including the case of x ¼ xB) is not applicable to the
wave motion considered in this section, even though X
is a constant of Oð1Þ. Furthermore, the weak nonuni-
formity of the bubble number density d provides a small
correction to the propagation speed of the envelope A,
which is similar to the case of the generalized KZK
equation (Kanagawa et al., 2011a).
Combining Eqs. (47) and (54), that is, connecting the
axial region of x ¼ Oð1=Þ (Far-field I) to x ¼ Oð1=2Þ (Far-
field II), yields
i
@A
@t
þ vg @A
@x
 	
þ q
2
@2A
@x2
þ 21jAj2A
þ2 i2 þ d4ð ÞAþ vg
2k
1
r
@
@r
r
@A
@r
 	
¼ 0: (58)
The extended independent-variables t1, t2, x1, x2, and r1 are
restored to the original independent-variables t, x, and r via
Eq. (31). Equation (58) can then be rewritten as
i
@A
@X
þ Q3 @
2A
@g2
þ Q1jAj2A
þ iQ2Aþ dQ4Aþ C
2
2k
1
f
@
@f
f
@A
@f
 	
¼ 0; (59a)
via the variable transformation
X  2x; g  ðt x=vgÞ; f  Cr: (59b)
Here, the coefficients are given by
Q1 ¼ 1vg  0; (60a)
Q2 ¼ 2vg  0; (60b)
Q3 ¼ q
2vg3
 0; (60c)
Q4 ¼ 4vg : (60d)
Equation (59) is the generalized NLS equation, where the
second, third, and fourth terms, with coefficients of Q3, Q1,
and Q2 are the strong dispersion, weak (cubic) nonlinear,
and weak dissipation contributions, respectively, as in the
original NLS equation (Kanagawa et al., 2010). The fifth
term with the coefficient of dQ4 describes the weak
nonuniformity of the bubble number density d, and the
nonuniform coefficient 4 provides a small correction to
the group velocity of the envelope A. The sixth term
denoted by a Laplacian with respect to the normalized ra-
dial coordinate f describes the weak diffraction effect of
the envelope.
The generalized NLS equation governs the nonlinear
propagation of an envelope of diffracted sound beams (car-
rier waves) in the short-wavelength regime in a nonuni-
form bubbly liquid with dissipation and dispersion
appearing in the far field. The propagation is characterized
by X, g, and f, where the temporal, axially spatial, and
radially spatial scales are of Oð1=2Þ, Oð1=2Þ, and Oð1=Þ,
respectively.
V. GENERALIZED KZK EQUATION
We review briefly the generalized KZK equation
(Kanagawa et al., 2011a; Yano et al., 2013) and highlight
the differences between the generalized NLS and KZK equa-
tions, with a focus on the size of the dispersion effect. Note
that the derivation in this section only involves real constants
and functions. Based on the scaling relation in Eqs. (18) and
(24) for the generalized KZK equation, we derive a linear set
of equations to leading order of the approximation. The dif-
ference between the linear set in Sec. IV A and that derived
in this section is the form of linearized Keller equation [see
Eqs. (34)–(38) in Sec. 3.1 and Eqs. (60)–(64) in Sec. 4.1 of
Kanagawa et al., 2010]. This is a consequence of the param-
eter scaling in Eq. (18) and results in weaker dispersion com-
pared to that of the wave in Sec. IV [Eq. (17)]. The
FIG. 3. The nonuniform coefficient 4 [Eq. (56)] as a function of the nor-
malized wavenumber (0.01 k 0.9) for initial void fractions of a0 ¼ 101,
102, and 103. The initial bubble radius is fixed at R0 ¼ 1 mm, and we
assume a spherical bubble oscillation of b1 ¼ 1=2, an isothermal change of
the gas inside the bubble of c ¼ 1, and the ambient conditions for the
air–water system pL0 ¼ 101 325 Pa, qL0 ¼ 103 kg/m3, and r ¼ 0.0728 N/m.
The normalized wave frequency X in Eq. (56) is dependent on k and is cal-
culated by using the linear dispersion relation D(k, X)¼ 0. The small wave-
number region of k ! 0 is outside the range of applicability of the analysis
as described by Eq. (17c).
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dispersion term in the first-order equation (42) was origi-
nated from the presence of the inertial term in the linearized
Keller equation. The wave motion considered in Sec. IV is
thus strongly dispersive, while that considered in this section
is weakly dispersive.
Combining the linear equations into a single equation
results in the nondispersive linear wave equation for R1,
@2R1
@t20
 v2p
@2R1
@x20
¼ 0: (61a)
This indicates that dissipation, dispersion, diffraction, and
nonuniform effects do not appear in the near field. Here, the
phase velocity vp is given by
vp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3a0 1a0þb1ð ÞcpG0þb1 1a0ð ÞD2=X2
3b1a0 1a0ð Þ
s
: (61b)
Like the classical speed of sound in bubbly liquids (van
Wijngaarden, 1968, 1972), vp is also proportional to
1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a0ð1 a0Þ
p
. Hereafter, we again focus on the right-
running wave with a phase function of
/0  t0  x0: (62)
Choosing R1  f ð/0; t1; x1; r1=2Þ reduces Eq. (61) to
L f½ 	  @f
@t0
þ @f
@x0
¼ 0: (63)
As a counterpart to Eq. (48) in Sec. IV B, the momen-
tum conservation equations in the r direction provide the ra-
dial variations of the velocities. That is, vG1, vL1, and
derivatives with respect to r1=2 appear in the approximation
of Oð3=2Þ,
@vG1
@/0
¼ C1C @f
@r1=2
;
@vL1
@/0
¼ C2C @f
@r1=2
; (64)
with
C1 ¼ 3 1 a0 þ b1a0ð Þ
1 a0 þ b1
 1 a0ð Þ
2D2=X2
a0 1 a0 þ b1ð Þ
; (65a)
C2 ¼ 3b1a0 þ 1 a0ð ÞD
2=X2
1 a0 þ b1
: (65b)
The velocities vG1 and vL1 as thus given as functions of r1=2
and /0.
The principal difference between the generalized NLS
and KZK equations is the size of the dispersion. In the case of
the weaker dispersion for the KZK equation, the focus is on
the behavior of the carrier wave (rather than the envelope),
and the second order of the approximation leads to a nonlinear
wave equation for the far field, in which the weak dispersion
competes with the weak dissipation, diffraction, and nonuni-
form effects, as well as a weak (second) nonlinear effect.
The set of inhomogeneous equations of Oð2Þ reduces to
a single equation for R2,
L R2½ 	 ¼ 2 @
@/0
(
@f
@t1
þ @f
@x1
þ K0 þK4d x1ð Þ
 

 @f
@/0
þK1f @f
@/0
þK2 @
2f
@/20
þK3 @
3f
@/30
)
þ C
2
r1=2
@
@r1=2
r1=2
@f
@r1=2
 !
; (66)
and we impose the solvability condition
Jðf ;/0; t1; x1; r1=2Þ ¼ 0: (67)
This far field equation describes the wave motion in the axial
region of x ¼ Oð1=Þ.
Combining the near and far field representations [i.e.,
Eqs. (63) and (67)] yields
@
@g
@f
@X
þ K1f @f
@g
þ K2 @
2f
@g2
þ K3 @
3f
@g3
 !
¼ C
2
2f
@
@f
f
@f
@f
 	
; (68a)
via the variable transformation
X  x; g  t f1þ ½K0 þ K4dðxÞ	gx;
f  ﬃﬃp Cr; (68b)
with coefficients of
K0 ¼ 1 a0ð ÞD
2V2
6a0X
2
¼ P0; (69a)
K1 ¼ P1; (69b)
K2 ¼  1
6a0
4lþ D
3V
X2
 	
¼ P2; (69c)
K3 ¼  D
2
6a0
¼ P3; (69d)
K4 ¼
b1 þ 1 a0ð Þ2
h i
D2=X2  3b1a20
6a0 1 a0ð Þ 1 a0 þ b1ð Þ
: (69e)
Here, Pi ði ¼ 0; 1; 2; 3Þ are the coefficients in the original
KdVB equation and are shown explicitly in Eqs. (52)–(54)
in Sec. 3.2 and Eq. (A.1) in Appendix 2 of Kanagawa et al.
(2010); the negative sign [i.e., Ki ¼ Pi ði ¼ 0; 1; 3Þ] is
caused by different definitions of the phase functions in Eqs.
(62) and (68b). Equation (68) is the generalized KZK (or
KP) equation. In a similar manner to the generalized NLS
equation [Eq. (59a)], the second, third, and fourth terms
on the left-hand side of Eq. (68a) represent the weak
nonlinearity, weak dissipation, and weak dispersion,
respectively, as in the case of the original KdVB equation
(Kanagawa et al., 2010). The right-hand side of Eq. (68a)
describes the weak diffraction effect. The weak nonuni-
formity of the bubble number density, d, provides a small
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correction to the phase velocity through the retarded time
g in Eq. (68b).
To discuss the nonuniform effect, we examine the de-
pendence of K4 on a0. In this case, K4 is positive for the
air–water system under ambient conditions, and this is true
even for the moderately large initial void fraction of
a0 ¼ 0.1, which is within the applicable range of the present
analysis as stated in Sec. III D. Similar to the case of the non-
uniform coefficient 4 in Sec. IV C, the dependence of K4 on
R0 is negligibly small.
The generalized KZK equation governs the nonlinear
propagation of diffracted sound beams that are subject to dis-
sipation and dispersion in a nonuniform bubbly liquid in a
field characterized by X, g, and f, where the temporal, axi-
ally spatial, and radially spatial scales are of Oð1=Þ, Oð1=Þ,
and Oð1= ﬃﬃp Þ, respectively.
VI. CONCLUSIONS
We have successfully derived two types of nonlinear
wave equations for weakly nonlinear propagation of diffrac-
tive sound beams in nonuniform bubbly liquids by extending
an earlier theory (Kanagawa et al., 2010) for plane wave
propagation in uniform bubbly liquids. This was accom-
plished in two steps: (i) by adding a scaling relation of the
typical diameter of the beam, L/D, with respect to the non-
dimensional wave amplitude  ð 1Þ, and (ii) by assuming
that the initial nonuniformity of the bubble number density
and its spatial variation were as small as the wave amplitude
. The former introduced weak diffraction of the beam, while
the latter introduced weak nonuniformity of the bubble num-
ber density. The essence is summarized as
U
cL0
;
x
xB
;
R0
L
;
L
D
 	
 O að Þ;O bð Þ;O cð Þ;O dð Þ
 
; (70)
with
a ¼ 2; b ¼ c ¼ 0; d ¼ 1 ðfor NLSÞ;
a ¼ b ¼ c ¼ d ¼ 1=2 ðfor KZKÞ:
(
(71)
The incorporation of real number d [i.e., the scaling of
OðdÞ] in Eqs. (70) and (71) that describes the relative size
of the diffraction to the nonlinearity, yields the progress in
the theory from Eq. (1).
Based on these relationships, we succeeded in deriving,
from the basic equations for bubbly flows in the two-fluid
model, a generalized NLS equation including dissipation,
diffraction, and nonuniform effects for short-wavelength
high-frequency waves, and a generalized KZK (KP) equa-
tion including dispersion (dissipation) term and nonuniform
effect for long-wavelength low-frequency waves. These non-
linear wave equations govern the long-range propagation of
diffractive sound beams in nonuniform bubbly liquids with
dissipation and dispersion effects. Neither of these equations
had ever been derived from the two-fluid model in the con-
text of bubbly flow theory. The generalized NLS and KZK
equations describe the most simple balance (i.e., linear com-
bination) of dissipation, dispersion, diffraction, and
nonlinearity in nonuniform bubbly liquids. This paper will
encourage further studies such as the introduction of an
interaction between nonlinearity and diffraction.
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APPENDIX: INHOMOGENEOUS TERMS
The explicit expressions of ~Ni ði ¼ 1; 2; 3; 4; 5Þ that
make up the forms of the inhomogeneous terms in Eq. (51)
are given by
~N1 ¼C 1
r1
@r1vG1
@r1
þ d @uG1
@x0
þ 3@R1
@t0
 	
þN1; (A1)
~N2 ¼ C 1 a0ð Þ 1
r1
@r1vL1
@r1
 da0 @uL1
@x0
þ N2; (A2)
~N3 ¼ d b1
@
@t0
uG1  uL1ð Þ þ 3cpG0 @R1
@x0
 
þN3; (A3)
~N4 ¼ d b1a0
@
@t0
uG1  uL1ð Þ þ a0 @uL1
@t0
þ a0 @pL1
@x0
 
þN4;
(A4)
~N5 ¼ N5; (A5)
where Ni ði ¼ 1; 2; 3; 4; 5Þ are presented in Appendix 1 of
Kanagawa et al. (2010).
In addition, the inhomogeneous terms in Eq. (52), S1
and S2, are given by
S1 ¼ b1a1
@
@t0
vG1  vL1ð Þ  b1
@
@t1
vG1  vL1ð Þ
 b1 uG1
@vG1
@x0
 uL1 @vL1
@x0
 	
 b2 vG1  vL1ð Þ
@a1
@t0
CpG0 @
@r1
3cR2 þ 3c 3cþ 1ð Þ
2
R1
2
 
þ 3CcpG0a1 @R1
@r1
;
S2 ¼ b1a0a1
@
@t0
vG1  vL1ð Þ þ b1a0
@
@t1
vG1  vL1ð Þ
þ b1a0 uG1
@vG1
@x0
 uL1 @vL1
@x0
 	
þ b2a0 vG1  vL1ð Þ
@a1
@t0
 1 a0ð Þ @vL1
@t1
 1 a0ð Þ @uL1vL1
@x0
þ a0 @a1vL1
@t0
þCa0a1 @pL1
@r1
 C 1 a0ð Þ @pL2
@r1
þ Ca0D2X2R1 @a1
@r1
:
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